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Abstract
Mass transfer within microbial films was described using Monod-type

biological kinetics in terms of properties of filter media and feed solution.
The performance characteristics of a trickling filter were thus modeled. The
model enables one to consider the effect of inlet substrate concentration and
flow rate upon the removal efficiency. For this purpose a second-order par-
tial differential equation describing the dispersion phenomena inside the
liquid layer was solved under special boundary conditions and used to
determine substrate flux into the biofilm. A uniform biofilm thickness was
considered. The model is based on computer techniques and the numerical
evaluation of the normalized biofilm mathematical model. A design proce-
dure was also given to calculate biological filters. The numerical model was
also applied to experimental data to demonstrate its validity.

Index Entries: Biological surveys; concentrations; design practices; diffu-
sion; environmental engineering; mass transfer; mathematical models; bio-
logical filters; trickling filters.

Introduction

Substrate reduction in fixed film processes such as those in aerobic
filters, trickling filters, and rotating disk reactors has been widely used in
the application of wastewater treatment technology (17). An understand-
ing of the factors affecting the rates of biofilm reactions is therefore essen-
tial in designing wastewater treatment units (18). For this purpose a
conceptual model consisting of parallel plates over which a hydraulically
controlled biofilm grows was used in this investigation. The microbial film
is covered with a liquid film, the wetted surface of which depends on the
flow rate and media characteristics. Substrate concentration decreases from
the liquid surface to the biofilm surface due to the mass transfer inside the
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liquid layer of depth h (Fig. 1). This kinetic model assumes an idealized
biofilm which is characterized by a uniform biomass density X

c
 (M L–3),

a uniform depth L (L), and uniform Monod kinetic constants over the entire
thickness of the biofilm (8,10,13). Substrate flux N (M L–2 T–1) penetrating
into the biofilm can be described according to Fick’s law as N = – Dw(dcx/dx)
at x = h (14,15) in which Dw = molecular diffusivity of substrate in the liquid
film, L2 T–1; x = length dimension normal to biofilm surface, L; c

x
 = substrate

concentration at any location inside the liquid layer, M L–3. Any quantity at
the biofilm surface is denoted by the subscript “s,” e.g., cs is the substrate
concentration at the biofilm surface. Similarly, cf is the substrate concentra-
tion inside the biofilm. Substrate concentration cf decreases from the biofilm
surface to the attachment surface of the support media due to the substrate
use within the biofilm (4,7). Monod kinetics can be used to model the sub-
strate consumption rate (2,19). A mass balance equation between diffusion
and reaction using Monod kinetics was solved by Atkinson and Davies (3).
A relationship equivalent to its numerical solution was then derived as
N = f(k

1
,M,B

s
) in which f is a hyperbolic function of a coefficient k

l
, a dimen-

sionless microbial film thickness M = k2 L and a dimensionless substrate
concentration Bs = k3 cs at liquid biofilm interface. [See also Atkinson and
Abdel Rahman Ali (5).] The values of k1, k2, and k3 are coefficients defined
as the combinations of Monod’s kinetic coefficients (see the list of nota-
tions). In the special case of thin and thick biofilms, N is directly propor-
tional with Bs for small substrate concentrations:

N = ξ cs (1)

in which ξ is a proportionality factor, L T–1 as

Fig. 1. Substrate distribution in an inclined plane biofilm model.
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ξ = k1 L for thin biofilms (M ≤ 0.5) (2)

ξ =
k1

k2

  for thick biofilms (M ≥ 3) (3)

These are asymptotic forms of the more general kinetic equation men-
tioned above, which may be, for instance, of zero order, half order, first
order, etc., reaction kinetics. The liquid layer is assumed to be void of
microorganisms. At the inlet section there is an uniform substrate concen-
tration ci. Owing to the molecular diffusion and the existence of a velocity
gradient, a dispersion phenomenon takes place. The resulting dispersion
equation should be solved numerically under the general boundary condi-
tion N = f(k1,M,Bs), the solution of which is extremely complex in this gen-
eral case. However, for the special cases of thin and thick biofilms with
small substrate concentrations (Eq. 1), its solution is simplified. Otherwise,
a plug-flow regime should be assumed to simplify the solution for the
general boundary condition.

Objectives of this article are (1) to provide a model to determine the
substrate removal efficiency for the special boundary conditions (Eq. 1) at
any hydraulic loading; (2) to solve the dispersion equation under the gen-
eral boundary conditions for plug flow regime at low flow rates and develop
computer programs to determine substrate removal efficiency as a function
of ci (see Table 1 for the computer output as an example); (3) to compare the
results obtained from the two approaches for the same conditions in order
to derive general relationships (see Table 2); (4) to study wetting rate and
surface effects in filter media; (5) to determine the effect of flow rate on the
mass transfer coefficient using the computer programs developed (see
Eqs. 15–22); (6) to give further experimental evidence in addition to those
given in an earlier paper (13); (7) to develop design principles for biological
filter in which substrate removal efficiency decreases with inlet substrate
concentrations especially in the case of concentrated wastewater from
industry (see Examples).

Owing to the extremely complex nature of the problem outlined above,
a conceptual model was accepted, which consists of a bundle of vertical
plates with an angle of β = 90° in which β is the angle of inclined plane with
the horizon (Fig. 1). A filter element with a cross-sectional area A and depth
l was considered as shown in Fig. 2. If the specific surface area is S, then the
surface area of the filter medium is given by S(AL), which should be equal
to the wetted area in the conceptual model, namely, as Bl = S(Al) and hence
B = SA where B denotes the wetted perimeter. These equations convert the
filter medium into a series of parallel plates whose total width is equal to
B = Σb in which b is the width of each parallel plane (Fig. 2) The distance ∆
between the two vertical planes is equal to S–1. Biofilm thickness is constant
for a given flow rate because it is controlled by the shear stress exerted by
the flowing liquid on the biofilm. It was further assumed that kinetic coef-
ficients k

1
, k

2
, and k

3
 depend upon substrate–microbe system and are gen-
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erally the same for all filters using the same substrate. Although there may
be significant differences in biofilm structure depending on the operating
conditions, k1, k2, and k3 were assumed to be constant for a given substrate
to overcome the mathematical difficulties arising from considering a large
number of parameters. However, density/compactness and diffusion
effects are indirectly considered by the terms of Xc and Dc appearing in the
expressions of k

1
 and k

2
. The possible error may further be compensated for

Table 1
Computer Output for Biological Efficiency in Biofilm Reactors
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using experimental values of the coefficients as explained in the evaluation
of the experimental data.

Solution to Dispersion Equation for Special Boundary Conditions
at Any Flow Rate

In this case a two-dimensional dispersion is under consideration for
special boundary conditions (Eq. 1), The following normalizing param-
eters were used to solve the dispersion equation with the aid of the finite
difference method (10,12):

Cx = 
cx

ci

; Cs = 
cs

ci

(4)

ZD = 
DwZ

h2wmax

; X = x
h

; h = 3µq
γsinβ

1/3

(5)

in which wmax = maximum value of the parabolic velocity profile w at the
liquid surface, L T–1; β = the angle of inclined plane with the horizon; γ =
liquid specific gravity, M L–2 T–2; µ = dynamic viscosity, M L–1 T–1; q = rate
of flow per unit width of the biofilm, L3 T–1 L–1. The z-axis is on the liquid
surface and parallel to the flow direction. The dimensionless distance ZD
can be found using the physical parameters related to the filter. The value
of ZD = (ZD)o for the outlet section is thus obtained substituting the filter
length z = l into Eq. 5 as (13)

Fig. 2. Conceptual model assumed to study biological filtration.
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ZD = (ZD)o = 
Dwl

h2wmax

 = 
Dwl

h2(3/2)wav

 = 2
3

Dw

h
l
q

(6)

in which w
av

 is the mean velocity of the parabolic velocity profile calculated
as (2/3) wmax. Equation 1 was then accepted as a boundary condition and the
dispersion equation governing the liquid film was solved. Computer tech-
niques and the method of finite differences were used (9,11). Numerical
values of dimensionless concentrations Cx = f (ZD, X, ηD) were thus obtained
for different values of

ηD = ξ
Dw

h (7)

As Cx and Cs are known, the bulk liquid phase substrate concentration
C was then obtained from

C = c
ci

 = 3
2

Cx
X = 0

X = 1

(1 – X2) dX (8)

The theory given above is valid for laminar flow and for a special
boundary condition. However, it can be used to obtain a general picture of
flow regime and its effect on the concentration variation in the lateral direc-
tion. In fact, a family of curves of Cx vs X is obtained for a given value of ηD,
the value of ZD being a parameter. Each curve represents concentration
variation with respect to X in a given cross-section for a given value of ηD.
For small values of η

D
 = k

s
h/D

w
, i.e., for liquid films of small depths, con-

centration profiles are flattened. At these low hydraulic loadings with small
ηD and large ZD values, variation of Cx with respect to X may be neglected
(plug-flow condition). The concentration profile may then be idealized
assuming a bulk concentration, which will be studied below for the general
boundary condition.

A Biofilm Mathematical Model for Plug-Flow Conditions
At low hydraulic loadings, dispersion is less significant and a bulk

substrate concentration c can be used in place of cx. In this simple case, the
general boundary condition N = f(k

1
,M,B

s
) can be considered for the plug-

flow reactor with no dispersion in the x-direction. This solution should be
coincident with the results obtained from Eq. 8 for low hydraulic loadings
at thick and thin biofilms when ci → 0 from which the numerical relation-
ship in Table 2 was derived. For the sake of simplicity, under plug-flow
conditions, a bulk liquid phase substrate concentration c at an active liquid
thickness h was combined with a stagnant liquid layer of thickness e to
express substrate flux

N = –Dw

dcx

dx
≅ Dw

c – cs

e
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for x = h at low hydraulic loadings (Fig. 1). Dimensionless distance in the
z-direction was denoted by Z = [k

1
/(k

2
q)]z in this case. Dimensionless filter

length α in which substrate concentration is reduced from any initial value
of Bsi (or Bi) to an outlet concentration of Bso (or Bo) is

α = Zo – Zi = 
k1L

k2L
l
q

 = 
k1L

M
l
q

(9)

in which Z
o
 and Z

i
 are dimensionless distances for outlet and inlet sections

measured from an origin. There is a relationship between substrate reduc-
tion ∆B

s
 and the dimensionless distance ∆Z as shown in Table 1. A differ-

ential substrate mass balance equation was therefore written for the liquid
layer and numerically solved for substrate removal efficiency η under con-
sideration of general boundary condition N = f(k

1
,M,B

s
). For this purpose a

computer program was developed (13). The biological efficiency η = 1 –
(B

o
/B

i
) or 1 – (c

o
/c

i
) corresponding to a given inlet concentration B

si
 (or B

i
)

was obtained when four input data, namely, M, A1 = 10–6 k3, α, and K = (Dw/
e)(k2/k1) = E(k2/k1) are given as shown in Table 1 in which E = Dw/e is a mass
transfer coefficient. An additional input datum of A

o
 = (k

2
/k

1
)q = l/α is also

required if dimensional distance z for a given substrate reduction is to be
determined. In general, it is sufficient to express η as a function of B

i
(dimensionless) or ci (mg L–1) for practical purposes. Therefore, there is no
need to know Ao in this case. Under asymptotical conditions for low and
high concentrations, analytical solutions can be obtained in place of
numerical integration in Table 1. When ci tends to zero, for example, the
following analytical result is obtained (5):

ln
co

ci

 = ln (1 – ηo) = – K tanh M
K + tanh M

α (10)

in which ηo = 1 – (co/ci) is the value of η for ci → 0. For thin biofilms (M ≤ 0.5)
Eq. 10 becomes

ln
co

ci

≅ – K
K
M

 + 1
α (11)

On the other hand, for all values of M, when ci is sufficiently large,
numerical integration reduces to the following analytical solution:

η = 1 – 
co

ci

 = 
k1L

k3

l
q

1
ci

 = I 1
ci

(12)

in which

I = 
k1L

k3

l
q

 = 
k1L

k3

l
q

k2L

k2L
 = M

k3

α (13)
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If the experimental data are replotted in terms of η vs 1/ci, the result
is a linear relationship at high concentrations with a slope of I. When c

i
 tends

toward zero, for low hydraulic loadings in thick and thin biofilms, Eq. 8 also
gives an asymptotic solution to the numerical integration in Table 1 which
can be used to obtain the ratio of e/h and mass transfer coefficient E = Dw/e.
The resulting values were given in Table 2.

Example 1

In a biofilm reactor with a length of l = 204.5 cm, fractional conversion
η was measured in terms of NH3 – N removal over the range of influent
concentrations of 4.8 to 204.0 mg L–1 as follows:

ci (mg/L): 4.8 13.1 24.0 39.3 48.7 70.9 81.1 120.6 204.0
η:  0.85 0.739 0.633 0.541 0.487 0.348 0.309 0.209 0.124

(i) Calculate the value of k1 assuming that the value of ci = 204 mg/L
is a concentration sufficiently large and that the corresponding removal
efficiency is η = 0.124 (Point B in Fig. 3).

(ii) If the points plotted with the given data lie on a curve of η vs c
i
 with

a limiting efficiency of ηo = 0.905 for ci → 0 (Point A in Fig. 3), find the value
of K [k2 = 133.5 cm–1, k3 = 4.315 × 106 cm3 g–1, thick biofilm, L = 0.12 cm and
q = 4.77 × 10–2 cm3 cm–1s–1].

Fig. 3. The effect of mass transfer parameter K on substrate removal efficiency η
(based on the data of Atkinson and How, ref. 4; m = 16.02, A

1
 = 4.315 cm3 g –1, α = 6.846).
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Solution

(i) c
i
 = 204 mg l–1 = (204)(10–3) g l–1 = (204)(10–6) g cm–3; Eq. 12 leads to

η = 
k1L

k3

l
q

1
ci

 = 
(k1) (0.12) (204.5)

(4.315) (106) (0.0477)

1

(204 × 10–6)
 = 0.124 → k1 = 0.2129s–1

Therefore, the value of I for large concentrations is

I = 
k1L

k3

l
q

 = 0.2129 × 0.12

4.315 × 106
× 204.5

0.0477
 = 2.538 × 10–5 g cm–3

(ii) The value of K is estimated from Eqs. 9 and 10:

α = 
k1l

k 2q
= 0.2129 × 204.5

133.5 × 0.0477
 = 6.846

co

ci

= 1 – 0.905 = 0.095; In 0.095 = – K tanh 16.02
K + tanh 16.02

× 6.846 → K = 0.5244

Other input parameters for the computer program are

M = k2L = 133.5 × 0.12 = 16.02; A1 = 10–6 k3 = 10–6 × 4.315 × 106 = 4.315 cm3 g–1

The computer program was performed using these input data and the
value of η obtained were plotted against ci (solid line in Fig. 3 for K = 0.5244).
A good agreement was obtained between the computed and observed
values. (Experimental points were not shown in Fig. 3 to keep the figure
uncomplicated.)

Effect of Input Parameters
Input data of M, A

1
, and α can be calculated using equations given

earlier, if the values of L, l, and q are given in addition to the constant values
of the kinetic coefficients k1, k2, and k3, The fourth input parameter K, how-
ever, can only be found if at least one point of the curve η vs ci is given.
All necessary parameters are thus obtained to perform the computer pro-
gram for a given flow rate. If K changes while M, A

1
, and α remain constant,

η vs ci curves pass through the same point B for large concentrations as
shown in Fig. 3 because all parameters in Eq. 12 remain unchanged.
Although the predicted values of η are under the influence of K at the
beginning of these curves, the effect of K on η is generally not great because
the values of mass transfer coefficients are very high for flow rates in
the practical ranges of liquid applications. Therefore, the liquid phase mass
transfer resistance may be assumed to be negligible in those cases. The
effect of K on η was demonstrated evaluating the experimental results
published by Atkinson and How (4) for a flow rate per unit width q = (4.77)
(10–2) cm3 cm–1s–1. In these experiments, the kinetic coefficients of k

1
 = 0.2129 s–1,
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k2 = 133.5 cm–1, and k3 = (4.315)(106) cm3 g–1 for a NH3-N feed solution were
measured with a thick biofilm of depth L = 0.12 cm and of length l = 204.5 cm.
The fractional conversion η was measured in terms of NH3-N removal and
a value of ηo = 0.905 was given for ci → 0 (Point A in Fig. 3). The correct value
of K should be determined from the observed values of η. Other input data
are M = k2L = (133.5)(0.12) = 16.02;

A
l
 = 10–6 k

3
 = (10–6)(4.315)(106) = 4.315 cm3 g–1; α = – 

k1l

k 2q
 = 0.2129

133.5
204.5

0.0477
 = 6.846

and Ao = l/α = 204.5/6.846 = 29.87l. The value of K was therefore estimated
from Eq. 10:

co

ci

= 1 – 0.905 = 0.095; In 0.095 = – K tanh 16.02
K + tanh 16.02

× 6.846 → K = 0.5244

The computer program used these input data and the values of η
obtained were plotted against ci (solid line in Fig. 3 for K = 05244). They are
in good agreement with the measured substrate removal efficiencies.
(Experimental points were not shown in Fig. 3 to keep the figure uncom-
plicated.) The value of K = 0.5244 is therefore correct. The effect of K on η
was further investigated in a large interval when K varied from K = 0.1 to
K = 2.5 for the same flow rate. The results obtained from the computer
program were also plotted in Fig. 3 against ci. Each curve in Fig. 3 has a point
of intersection with the vertical axis that can also be obtained from Eq. 10.
As an example, for K = 0.8 it becomes

In
co

ci

= – 0.8 tanh 16.02
0.8 + tanh 16.02

× 6.846 →
co

ci

 = 0.0477; ηo = 1 – 
co

ci

 = 1 – 0.0477 = 0.9523

A study of Fig. 3 indicates that the effect of K on η is not great for values
of K close to or larger than the actual value, K = 0.5244. If this example is
repeated with a thin biofilm, it can be observed that the effect of K on η is
even smaller in this case. In order to obtain the curves of η vs ci for other flow
rates, the corresponding input data for the computer program should be
determined. M and A1 do not change with q. The other input parameters, α
and K, however, are influenced by flow rate. Although the effect of K on η
was studied above, it is necessary to determine the variation of K and α with
unit width discharge q for design purposes as discussed below.

Flow Characteristics and Structure of the Media

The most important characteristics of filter media are specific surface
area and porosity. The media surface area divided by the volume of the
container is called the specific surface area S. Biological filters consist of
various types of plastic packings and natural materials such as crushed
stones. Owing to the complex nature of the filter media, conceptual models
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as mentioned earlier are used to study the flow phenomena. Plastic packings
have plane surfaces in good agreement with the model used. Natural
materials, however, can only be studied using the conversion formula given
below. Specific surface area of the plastic packings are given by their manu-
facturers. Plastic surfpac medium, for instance, has a specific surface of S =
28 ft2/ft3 (= 91.9 m2/m3) with a void volume of 95%. A synthetic media of
floccor packing, on the other hand, has a specific surface of S = 85 m2/m3.
The specific surface area of natural media depends upon shape, size, and
the arrangement of the grains. For cubical and rhombic arrangements of
spheres, it becomes S = π/2a and S = 4.44/2a, respectively, in which a is the
radius of sphere. Specific surface area of a randomly packed assemblage of
spheres can be expressed by S = 6(1 – ε)/2a, in which ε is porosity (10).
A value of ε = 0.40 may be accepted for the porosity of randomly packed
media. Under this assumption, the specific surface area of randomly packed
media may thus be obtained from S = 6(1 – ε)/2a = 6(1 – 0.4)/2a = 3.6/2a.
The specific surface defined above is for a dry filter, i.e., before liquid
application. Owing to the wetting and channeling effects, this definition
should be modified to give the wetted area (6). Using a proportionality
constant ψ, the wetted specific surface area Sw can be defined as Sw = ψ S.
The specific surface being determined in this way, flow characteristics can
be obtained from the conceptual model.

For this purpose consider a filter element with a cross-sectional area
A and depth l. If the wetted specific surface area of the filter medium is Sw,
the wetted surface area of the filter bed is given by (Sw)(Al), which equates
the wetted area as follows: bw l = (Sw)(Al) → bw = Sw A = ψSA = ψ b, in which
bw is the wetted perimeter and b = SA (13). Thus, the flow rate per unit width
q

w
 (L3 T–1 L–1) is

qw = Q
bw

 = Q
SwA

 = Q/A
Sw

 = 
QA

ψS
 = q

ψ
(14)

in which Q = volumetric flow rate, L3 T–1, QA = hydraulic loading rate, L T–1,
and q = Q/b = QA/S, L2 T–1. These equations convert the filter media into a
series of parallel plates. The total width of these parallel plates covered with
liquid is equal to bw.

The flow rate q
w
 can be obtained from Eq. 5 as q

w
 = (γ sin β/3 µ) h3 from

which results

q = ψ qw = ψ (γsinβ/3µ) h3 = ψ (constant) h3

q1

q2

 = 
ψ1

ψ2

h3

h2
3

(15)

in which the subscripts 1 and 2 denote the values corresponding to flow
rates q1 and q2, respectively. The liquid film was assumed to follow the
contours of the packing materials; h = depth of active liquid film in media
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depressions and contributes to flow. Conditions similar to “depression
storage” may be observed. It is reasonable to accept that the wetted area
in the filter bed increases with the liquid film thickness, since in this case
more area will be covered by the liquid. Therefore, the assumption of
(ψ)

1
/(ψ)

2
 = (h)

1
/(h)

2
 was made to obtain the following general rela-

tionship from Eq. 15 for the variation of the wetted surface area with
the flow rate (13)

ψ1

ψ2

 = 
h1

h2

 = 
q1

q2

1/4

(16)

or

ψ2 = ψ1 = 
q2

q1

1/4

(17)

Now flow dependence of α and K for a given substrate can be deter-
mined using Eqs. 15–17. The parameter α2 is obtained from Eqs. 9 and 14

α2 = 
k1L

k2L

l2
(qw)2

 = 
(ψ2k1L)

k2L

l2
q2

(18)

Substitution of Eq. 17 into Eq. 18 leads to

α2 = 
ψ1k1L (q2/q1)

k2L

1/4 l2
q2

(19)

Similarly the effect of flow rate on the parameter K can be investigated
using Eq. 14:

E = 
Dw

e
 ; K = E

k2

k1

 = 
Dw

e

k2

k1

 = 
Dw

e

k2L

k1L
 = 

Dw

e
M
k1L

(20)

A study of Table 2 indicates that the values of e/h do not substantially
vary and remain unchanged around 0.5 especially for large values of ZD
and ηD in the practical range of liquid application (plug-flow regime). If the
ratio of e/h is thus assumed constant, K becomes inversely proportional
with liquid depth h, because the other parameters of Dw, k1, and k2 remain
unchanged. The value of K2 for the flow rate q2 then becomes

K2 = K1

q1

q2

1/4

(21)
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If no experimental data except Dw are available, K can be obtained
from Eq. 20 assuming e

2
/h

2
 = 0.5. In this case h

2
 for q

2
 is first calculated.

The value of K is then obtained from

e = 0.5h2 ; K2 = 

Dw

e2

 k2

k1

 = 

Dw

0.5h2

 k2

k1

 = 
2Dw

h2

k2

k1

(22)

Example 2

In order to see the effect of α and K on η more clearly, the curves of η
vs ci were also obtained for q2 = 0.035 and q3 = 0.02 cm3 cm–1 s–1, as an
example, based upon the input data of the experimental results of Atkinson
and How (4). The input data for q

l
 = 0.0477 cm3 cm–1 s–1 were already given earlier

as ψ1k1 = 0.2129 s–1; k2 =133.5 cm–l; α1 = 6.846, and K1 = 0.5244. The input data
for q

2
 = 0.035 cm3 cm–1 s–l were first calculated using Eqs. 19 and 21:

α2 = 
0.2129 0.035

0.0477

0.25

133.5
× 204.5

0.035
 = 8.6240

K2 = 0.5244 0.0477
0.035

0.25

 = 0.5666, (Ao)2 = I
α2

 = 204.5
8.624

 = 23.713

Values of α3 = 13.122, K3 = 0.6517 and (Αo)3 = 15.585 were also calculated
for q3 = 0.02 cm3 cm–l s–1 similarly. Values of η obtained from the computer
program for these input parameters were plotted in Fig. 4 against ci.
A study of Figs. 3 and 4 indicates that the curves of η vs c

i
 are influenced

by α rather than K when flow rates change for a given substrate.

Experimental Confirmation

To support the theory developed here, further verifications may be
desirable for the validity of the equations derived in this section, although
Eq. 16 and 17 were experimentally confirmed earlier by Muslu (13).
The data supplied from Atkinson and Williams (2) and Atkinson and
Abdel Rahman Ali (5) were used for this purpose to determine the removal
efficiencies η for another filter (13,16). The same glucose feed solution was
applied to both filters in these experiments. In the first filter, a packed bed
of wooden spheres with a diameter of 2a = 5.08 cm (S1 = 0.712 cm–1) was used
to develop a thick microbial film. Depth of the filter was l1 = 60.96 cm.
Removal efficiencies η measured for hydraulic loading rates of QA = 0.0148,
0.027, 0.054, and 0.081 cm3 cm–2 s–1 were evaluated (13). The value of k3 =
(1.706)(105) cm3 g–l obtained by Atkinson and Daoud (1) from thin biofilm
experiments for the same glucose feed solution was used in this evaluation.
Using these input data and the computer program developed, values of η
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Fig. 4. Effect of flow rate per unit width q on substrate removal efficiency η (based
on the kinetic data of Atkinson and How, ref. 4).

were calculated and plotted against ci. Good agreement was obtained
between the measured and predicted values. Input data obtained from this
investigation for (QA)l = 0.0148 cm3 cm–2 s–l were given below as a basis to
study substrate removal efficiency η for the second filter:

(q)1 = 
QA

S 1

 = 0.0148
0.712

 = 0.02079 cm3 cm–1 s–1 ; ψ1k1L = 0.00448 cm2 s–1 cm–3 ;

M = k2L = 8.4909; α1 = 1.5499; K1 = 6.4088; Al = 0.1706 cm3 g–l

In the second filter bed, plastic spheres of 36.8 mm diameter were
contained in a cylinder of 35.4 cm diameter with a depth of l2 = 165 cm
(S

2
 = 0.966 cm2 cm–3) (10,16). The performance of this filter was investigated

at flow rates of 0.962 – 82.64 cm3 s–1. Filter efficiencies η were measured in
terms of COD concentrations (which can be accepted as equal to glucose
concentration in mg l–1) and results were given in Table 3. Values of η for
this filter can be predicted using the input parameters of the first filter of
Atkinson and Williams (2). For this purpose the input data for the second
filter were calculated using Eqs. 19 and 21. Results obtained from the com-
puter program for these input data were compared with the measured
values in Table 3. This comparison was made below for a hydraulic loading
rate of (QA)2 = 0.005033 cm3 cm–2 s–1 [unit width discharge of q2 = (QA/S)2 =
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(0.005033/0.966) = 0.00521 cm3 cm–1 s–1, Run No. 4 in Table 3] for purpose
of illustration. From Eq. 19 and Eq. 21 it results

α2 = 
ψ1k1L (q2/q1)

0.25

k2L

l2
q2

 = 
0.004487 0.00521

0.02079

0.25

8.4909
165

0.00521
 = 11.841

K2 = 6.4088 0.02079
0.00521

0.25

 = 9.067

Other input data are M = 8.4909; A1 = 0.1706 cm3g–1; Ao = l2/α2 =165/
11.841 = 13.935. Computer input data were also calculated for other flow
rates similarly and values of η obtained from the computer program were
given in Table 3 for purpose of comparison. A study of Table 3 indicates that
the predicted substrate removal efficiencies η are in good agreement with
the measured ones.

Summary and Conclusions

Substrate utilization in random-media trickling filters was described
using Monod-type rate equations and mass transfer concepts. The model
enables one to take into account the effects of influent substrate concentra-
tions and flow rates on removal efficiencies. In this model biofilm thickness
was assumed to be controlled by shear stress due to the water flowing on
the biofilm. Computer techniques were first developed for numerical evalu-
ation of a normalized biofilm mathematical model. A linear relationship
justified by experimental findings was used for the variation of wetted
surface. This was accounted for by using a wetting coefficient ψ and a mass
transfer coefficient E in the model when the flow regime is laminar with the
flattened concentration distribution of the plug flow. A design procedure
was developed for the calculation of biological filters. The theory was
experimentally confirmed and its practical application was demonstrated
using literature data.

Notation

a = radius of sphere, L
A = cross sectional area, L2

Bs = dimensionless substrate concentration at liquid biofilm interface
C = dimensionless substrate concentration defined as c/ci

C
x

= dimensionless concentration defined as c
x
/c

i
c = bulk substrate concentration, M L–3

cx = substrate concentration at any location in liquid phase, M L–3

cf = substrate concentration within biofilm, M L–3

Dc = the diffusivity of substrate in the biofilm, L2 T–1

D
w

= molecular diffusivity of substrate in liquid, L2 T–1
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h = liquid film thickness, L
K = dimensionless ratio of mass transfer rate to kinetic rate
Ks = Monod-half velocity coefficient, M L–3

k = maximum utilization rate of rate limiting substrate, T–1

k1 = 
kXc

Ks

= a biological rate equation coefficient, T–1

k2 = 
k1

Dc

1/2

= a coefficient related to a solid phase diffusional limitation, L–1

k3 = 1/Ks = a biological rate equation coefficient, M–1 L–3

L = microbial film thickness, L
l = dimensional filter length, L

M = dimensionless biofilm thickness
N = substrate flux, M L–2 T–1

q = flow rate per unit width of the biofilm, L3 T–1 L–1

Q = volumetric flow rate, L3 T–1

Q
A

= hydraulic loading rate, L3 T–1 L–2

S = specific surface area, L2 L–3

w
av

= average velocity of liquid in z direction, L T–1

wmax = maximum velocity at the liquid surface, L T–1

Xc = microbial density within biofilm, M L–3

x = distance measured normal to the flow direction, L
z = axial distance measured in flow direction from origin, L
α = dimensionless filter length
γ = liquid specific gravity, M L–2 T–2

η = biological removal ratio = biological efficiency

ηD = ξ
Dw

h = a parameter to express Cx as a function of ZD and X

µ = dynamic viscosity, M L–1 T–1

ψ = proportionality constant to express wetting rate, dimensionless
ξ = a proportionality factor in Eq. 1, L T–1
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